Dynamics of self-excited thermoacoustic instability in a combustion system: Pseudo-periodic and high-dimensional nature We have examined the dynamics of self-excited thermoacoustic instability in a fundamentally and practically important gas-turbine model combustion system on the basis of complex network approaches. We have incorporated sophisticated complex networks consisting of cycle networks and phase space networks, neither of which has been considered in the areas of combustion physics and science. Pseudo-periodicity and high-dimensionality exist in the dynamics of thermoacoustic instability, including the possible presence of a clear power-law distribution and small-world-like nature. V C 2015 AIP Publishing LLC.
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Self-excited thermoacoustic instability arises as a result of the strong coupling between acoustic waves and flames inside a combustor, resulting in high-amplitude oscillations of all physical quantities such as pressure, temperature, and velocity. It prominently appears during operation under a lean premixed condition and leads to a serious deterioration of the combustion system performance in land-based gas-turbine engines and aircraft propulsion. A better understanding of the nonlinear dynamics will have a significant effect in fundamental combustion science and physics. Complex networks have been used with various schemes to represent the dynamics underpinning time series. In this study, we reveal the hidden dynamics in thermoacoustic instability by examining network topologies reconstructed by temporal variations in a pressure field. The use of sophisticated complex networks consisting of cycle networks and phase space networks allows us to fully extract the signature of the pseudo-periodicity and highdimensionality in thermoacoustic instability, including the possible presence of a clear power-law distribution and small-world-like nature. The consideration of phase space networks in combination with a pseudo-periodic surrogate method based on statistical null hypothesis testing supports the existence of high-dimensional dynamics.
Thermoacoustic instability generated by the strong interaction between an unsteady pressure field and fluctuations in the heat release ratio in a confined system exhibits a rich variety of nonlinear dynamics and is of fundamental importance in a wide spectrum of fields in thermal fluid and combustion physics. [1] [2] [3] [4] [5] [6] A substantial number of experimental studies [7] [8] [9] [10] [11] have applied the concept of thermoacoustic instability to the development of new engines. Quasi-periodicity, 4,5 intermittent bursts, 12, 13 and chaos 4, 14 in thermoacoustic combustion systems have been extensively examined both with and without turbulent flow conditions, demonstrating the suitability of nonlinear time series analysis based on dynamical system theory for dealing with complex combustion dynamics. We have also emphasized the importance of dynamical system theory for several nonlinear phenomena involving magnetohydrodynamic instability, 15 flame front instability induced by buoyancy-swirl coupling in normal gravity, 16 and radiative heat loss in zero gravity. 17 Our recent work 18 related to thermoacoustic instability has also shown the possible existence of low-dimensional chaos in the intermittent combustion oscillations of a laboratory-scale gas-turbine model combustor, providing a promising online detection method for lean blowout on the basis of dynamical system theory. On another front, complex network approaches reveal the features of large-scale networks represented by complex topologies and heterogeneous structures, and yield a comprehensive understanding of complex connectivity patterns in dynamical phenomena by extracting scale-free properties. The importance of this theory and its approach to time series data are summarized in detail in a recent book 19 and paper. 20 How can one understand the nonlinear dynamics in thermoacoustic instability using complex network approaches? This important question has not been addressed in the vast literature of combustion-based studies on thermoacoustic instability.
The main purpose of this study is to conduct a comprehensive investigation to reveal the hidden nature of thermoacoustic instability under turbulent flow conditions, mainly by making use of two sophisticated complex network approaches (cycle networks 21 and phase space networks 22 ) in combination with a pseudo-periodic surrogate (PPS) method. 23, 24 We deal with thermoacoustic instability in a laboratory-scale gas-turbine model combustor 18 -one of the fundamentally and practically important combustion systems. Details of our experimental system have been reported in a previous study. 18 We measure the pressure fluctuations p 0 inside the combustion chamber as an important physical quantity that represents the nonlinear dynamics of thermoacoustic instability. The sampling frequency of the time series data of p 0 is 5 kHz. The mean axial flow velocity at the inlet of the combustion chamber U and the equivalence ratio / are set to 5.8 m/s and 0.70, respectively, for which self-excited thermoacoustic instability clearly appears (see Fig. 1 ). We here examine the spatial distribution of the pseudo-Rayleigh index (PRI) shown in Fig. 2 to clarify the flame dynamics of thermoacoustic instability. Note that the PRI, defined by Eq.
(1), can identify regions where thermoacoustic driving and damping effects appear and is a useful indicator for identifying the source of thermoacoustic instability
Here, R is the PRI, s c is the time of one cycle, and I 0 OHÃ is the phase-locked OH* image obtained using a high-speed camera with an image intensifier. Three assumptions 25 are adopted to calculate the spatial distribution of the PRI: (I) the spatial distribution of pressure in OH* chemiluminescence intensity images is uniform; (II) the OH* chemiluminescence intensity is proportional to the heat release rate of the frame front; (III) Abel inversion is adopted for nearly axisymmetric OH* chemiluminescence intensity images along the centerline of the axial swirl vane obtained by a high-speed camera. As shown in Fig. 2 , a significantly positive PRI is observed in the formation region of the oscillating flame. According to the results of a study by Tachibana et al., 25 the entire flow field in our combustion chamber primarily consists of two recirculation flows: a vortex breakdown bubble in the wake of the centerbody and an outer recirculation region located in the dump plate. Thermoacoustic oscillating flames are sustained between the two recirculation regions, and the vortex structures originating from the convective interaction in the shear layers between the two recirculation regions induce the rolled-up structure of the oscillating flame. The important point to note here is that the formation region above the rolled-up structure generated by the convective vortices corresponds to the regions with a strongly positive PRI, resulting in the sustainment of thermoacoustic instability observed in this study.
A previous study 26 using a different type of gas-turbine model combustor demonstrated that the permutation entropy 27 based on the coarse-graining concept allows us to quantify the degree of randomness estimated from a sequence of rank order patterns in pressure fluctuations close to lean blowout. We thereby adopt the permutation entropy h p defined as Eq. (2) in combination with the PPS method 23, 24 to thermoacoustic instability in this study. Note that in our recent study, 28 the permutation entropy has been adopted as a useful detector to prevent lean blowout. Given a sequence with embedding dimension D, we index all possible permutations (D! permutations) of order D > 2 as p
Here, p(p) is the relative frequency for each permutation pattern p. 26, 27 The PPS method, 23, 24 which considers the null hypothesis that the underlying dynamics is dominated by a periodic orbit with uncorrelated noise, enables us to test for the existence of non-periodic inter-cycle dynamics. We first select an initial position vector fS 1 2 x i : i ¼ 1; 2; :::; N À ðD À 1Þsg from the reconstructed phase space by Takens' embedding theorem 29 consisting of p 0 , where N is the data number of scalar time series and s is the time delay. Let i ¼ 1. We then select one of the neighbors of S i with probability where r is the noise radius. After setting S iþ1 ¼ x jþ1 and incrementing i, we repeat the above procedure until i ¼ N. 23, 30 in combination with the PPS method, a clear difference between the original pressure fluctuations and the PPS data is obtained, which supports the existence of high-dimensional dynamics.
We introduce the cycle network approach 21 proposed for treating strongly periodic-like time series data. In this approach, p 0 is divided at each local minimum into n cycles {C 1 , C 2 , …, C n }. Each cycle C i represents nodes in a network. The edges, which are the connections between nodes, are determined by the correlation between the cycles q ij defined as Eq. (4) or by the phase space distance D ij defined as Eq. (5) q ij ¼ max l¼0;1;:::;l j Àl i 
Here, C i (a: b) denotes the segment between the a-th and b-th elements in C i , V (Á) is the variance, l i and l j are the lengths of C i and C j , and X k and Y k are the k-th points of C i and C j (i 6 ¼ j, l i < l j ), respectively. We estimate three basic network properties: the average path length, the clustering coefficient, and the vertex strength in the cycle network. The number of network nodes n is 11330 for p 0 with 60 s duration. The threshold of q for the transformation into a binary network, which stands for just above the critical value to break the network's single giant component, 21 is set to 0.9943 in this study. Figure 4 shows the average shortest path L and average clustering coefficient C a in terms of q. L at q ¼ 0.9943 is 1.43 and is sufficiently small compared with n (average degree hki ¼ 6535), while C a has a high value of 0.71 at q ¼ 0.9943. The sufficiently small L (¼ 3.22) and large C a (¼ 0.45) can be seen even at a larger q of 0.9991 (hki ¼ 300), indicating the existence of the small-world-like nature in the network 32 between cycles of pressure fluctuations in thermoacoustic instability. The vertex strength S i ð¼ P j2G D ij Þ distribution is shown in Fig. 5 . The distribution exhibits a clear power-law distribution, and the scaling exponent is inferred to be À5.627, which is estimated by the straight-line fit based on the maximum likelihood method.
Xu et al. 22 proposed a phase space network approach. Their approach represented the phase space points as nodes and the k-nearest neighbors connecting each point as edges, with k set to 4, while also taking into account temporal separation greater than the mean period of pressure fluctuations in order to choose appropriate neighbors. They reported that the distinction among periodic, chaotic, and noisy-periodic dynamics can be expressed with reference to the relative frequencies of two particular motifs, D and F (see Fig. 6 ). The rank of motif D has a higher frequency and motif F occurs less frequently from periodic (e.g., periodic Rossler oscillations) to chaotic (e.g., a chaotic Lorenz system) to noisyperiodic dynamics (e.g., a sine wave with white Gaussian noise). This is essentially due to the heterogeneity of the attractor and is also related to the intrinsic dimension of the system. Motif D is more likely to appear only in higher dimensions or when the distribution of points is heterogeneous; whereas motif F occurs more often when the points are evenly distributed in a low-dimensional (i.e., linear or planar) attractor. 22 As shown in Fig. 7 , the motif rank is ABDCEF and motif B has the same order of magnitude as motif D, which indicates that the dynamics of thermoacoustic instability is governed by high-dimensionality. The frequency of the various motifs can be understood as a measure of the local embedding dimension of the underlying attractor-the probability of getting points that are and are not neighbors (motif D vs F, for example) depends on the dimension in which the points are distributed (motif D is virtually impossible in one dimension and fairly uncommon in two dimensions, for example). Moreover, there are significant differences between the approach we take here and the recurrence networks described in previous studies. 33, 34 We incorporate the PPS method into the motif ranks of phase space networks. If the dynamics is governed by noisy periodic time series (i.e., periodic signal plus additive noise), there is no difference between each motif for the original and PPS data. All motifs in Fig. 7 vary by an amount that exceeds two standard deviations except for motif E-the null hypothesis can thus be rejected for all motifs except for motif E. The consideration of phase space networks in combination with the PPS method supports the existence of high-dimensional dynamics that cannot be represented by a low-dimensional model. On the basis of the results obtained in this study, it is concluded that pseudo-periodicity and high-dimensionality exist in the dynamics of thermoacoustic instability, including the possible presence of a clear power-law distribution and small-world-like nature in the network.
The detailed elucidation of the combustion dynamics in our model combustor sustained by the physical mechanism discussed above is of great importance in the fields of combustion science and physics, and we focused on revealing the hidden dynamics of thermoacoustic instability from the viewpoint of complex network approaches. Quasi-periodicity, 35 low-dimensional chaos, 26 the synchronization of a self-excited mode with a forced mode, 35 and noise-induced transitions 36 have been extensively explored for selfexcited thermoacoustic combustion systems involving a turbulent swirl-stabilized or bluff body-type combustor, and, in particular, the limit cycle structure and the regular pattern in the recurrence plots have been discussed for pressure fluctuations in well-developed thermoacoustic instability. Two complex network approaches, cycle networks 21 and phase space networks, in combination with the PPS method 23, 24 allow us to find hidden new structures in thermoacoustic instability. These include high-dimensionality, and a small-world-like and clear power-law distribution nature, which have not been extracted in previous studies. 
